In this paper, based on the close relationship between the Weierstrass elliptic function }(n; g 2 , g 3 ) and nonlinear ordinary differential equation, a Weierstrass elliptic function expansion method is developed in terms of the Weierstrass elliptic function instead of many Jacobi elliptic functions. The mechanism is constructive and can be carried out in computer with the aid of computer algebra (Maple). Many important nonlinear wave equations arising from nonlinear science are chosen to illustrate this technique such as the new integrable Davey-Stewartson-type equation, the (2 + 1)-dimensional modified KdV equation, the generalized Hirota equation in 2 + 1 dimensions, the Generalized KdV equation, the (2 + 1)-dimensional modified Novikov-Veselov equations, (2 + 1)-dimensional generalized system of modified KdV equation, the coupled Klein-Gordon equation, and the (2 + 1)-dimensional generalization of coupled nonlinear Schrodinger equation. As a consequence, some new doubly periodic solutions are obtained in terms of the Weierstrass elliptic function. Moreover solitary wave solutions and singular solitary wave solutions are also given as simple limits of doubly periodic solutions. These solutions may be useful to explain some physical phenomena. The algorithm is also applied to other many nonlinear wave equations. Moreover we also present the general form of the method.
Introduction
It is of prime significance to investigate exact doubly periodic solutions in terms of elliptic functions, which may lead to solitary wave solutions and trigonometric function solutions in limiting cases, of nonlinear wave equations in mathematical physics [1, 2] . Recently, some transformation mechanisms were developed to seek doubly periodic solutions of nonlinear wave equations in terms of the Weierstrass elliptic function [1] [2] [3] , four Theta functions [1, 2, 4] and Jacobian elliptic functions [5] [6] [7] [8] [9] [10] [11] . But these methods are only used to seek some special types of doubly periodic solutions. There does not exist an uniform method to find all solutions of nonlinear wave equations. A natural problem is whether there exist other powerful methods to construct other types of doubly periodic solutions of nonlinear wave equations in nonlinear sciences. In this paper, motivated by the idea in [3] , we will attempt to develop an algorithm in terms of Weierstrass elliptic function }(n; g 2 , g 3 ) [1, 2] to seek new types of doubly periodic solutions of nonlinear wave equations in mathematical physics. The method is simply called the Weierstrass elliptic function expansion method and may be performed in computer with the aid of symbolic computation. Recently, we [21] have applied it to some simple nonlinear wave equations. Here we will choose eight complicated nonlinear wave equations to illustrate the algorithm. These obtained results show that the algorithm is more powerful to seek doubly periodic solutions of a wide class of nonlinear wave equations.
The rest of this letter is organized as follows: In Section 2, we simply introduce the Weierstrass elliptic function expansion method and its algorithm. In Sections 3-10, we choose ten nonlinear evolution equations to illustrate the method. As a consequence, with the aid of Maple, some new doubly periodic solutions are obtained in terms of the Weierstrass elliptic function. In addition, some special solitary wave solutions and singular solitary wave solutions are also given as simple limits of doubly periodic solutions. Finally, we also give the general form of the technique, which may be used to seek more types of doubly periodic solutions of more general nonlinear wave equations. For example (1) we may obtain non-travelling wave types of doubly periodic solutions; (2) for given variable coefficients nonlinear partial differential equation, firstly we do not need to try to reduce it to ODE.
The Weierstrass elliptic function expansion method and its algorithm
In the following we will simply introduce the method and its algorithm. Consider a given nonlinear wave equation with a physical field u and two independent variables x, t as F ðu; u t ; u x ; u xx ; u xt ; u tt ; . . .Þ ¼ 0;
we seek its travelling wave solution u(x, t) = u(n), n = k(x À kt), which leads to (1) to be an nonlinear ordinary differential equation
where the prime denotes d/dn.
Remark 1.
We require that the function G is a polynomial of indicated variable. If the function G is not a polynomial of indicated variables, then we may use some transformations to change it into a polynomial. Otherwise the method will not work.
A crucial step of the method is to seek the power series solution of (2) in terms of the Weierstrass elliptic function
where n, A 5 0, B, a 0 , a i , b i are parameters to be determined later, and }(n; g 2 , g 3 ) is the Weierstrass elliptic function satisfying the nonlinear ordinary differential equation
where g 2 , g 3 are real parameters and called invariants [1, 2] . According to (4), we can derive the second order derivative of } in the form
which is useful to solve the following nonlinear wave equations. To determine the parameter n, we define a polynomial degree function as D(u(})) = n, thus we have
Therefore we can determine n in (3) by the leading order analysis (or balancing the highest order linear term and nonlinear terms). Moreover, we know from (4) and (4 0 ) that
therefore by substituting (3) and (4) into (2) we know that the numerator of the expression in left side of (2) becomes a polynomial about } 0i ðA} þ BÞ j=2 } s ði; j ¼ 0; 1; s ¼ 0; 1; 2; 3 . . .Þ. The conclusion is important in the procedure of solving nonlinear wave equation by using (3) and (4) as well as (4 0 ). The above-mentioned method is summed up as follows:
Step 1: Reduce the given nonlinear wave Eq. (1) of two independent variables to an ODE (2) in n by using travelling wave transformation u(x, t) = u(n), n = k(x À kt).
Step 2: Determine the degree n in (3) by balancing the highest degree linear term and nonlinear term, and thus give the formal solution (3) . (If n is not a positive integer, then we firstly make the transformation u = v n , and then we carry out the second step again.)
Step 3: Substitute (3) with the known parameter n into the left side of obtained ODE (2) along with (4) and (4 0 ), and get an expression. And then take the numerator of the expression to get a polynomial equation for
Step 4: Set to zero the coefficients of the polynomial obtained in Step 3 to get a set of algebraic equations with respect to the unknowns k, k, A, B, g 2 , g 3 , a 0 , a i , b i (i = 1,. . . , n).
Step 5: Solve the set of algebraic equations, which may not be consistent, finally derive the doubly periodic solutions of the given nonlinear equations by using the Weierstrass elliptic function.
Remark 2. In this algorithm there is no restriction at all the numbers of physical fields and variables, so one feels free to add more field(s) and independent variables whenever needed.
In the following we will apply the algorithm to many nonlinear wave equations.
The new integrable Davey-Stewartson-type equation
Consider the new integrable Davey-Stewartson-type equation [12] 
where the linear differential operators are given by
a, b are real parameters, and W = W(n, g, s) is complex while U = U(n, g, s), v = v(n, g, s) are real. This equation was presented firstly by Maccari [12] from the Konopelchenko-Dubrovsky (KD) equation [13] by using the reduction method. (6) had been proved to be Lax integrable. Recently we obtained some other types of doubly-periodic solution in terms of Jacobi elliptic functions [11, 16] . In the following we will use our method to investigate its other new types of doubly periodic solutions in terms of Weierstrass elliptic function.
According to the method mentioned in Section 2, we first introduce the transformations Wðn; g; sÞ ¼ WðX Þ expðiY Þ; Uðn; g; sÞ ¼ UðX Þ; vðn; g; sÞ ¼ vðX Þ;
where k, l, k, a, b, c are parameters to be determined. From the substitution of (7) into (6), we know that if where C 1 , C 2 are the integration constants.
To proceed further, we eliminate v and U from (11) and (9a). The straightforward calculation gives rise to the nonlinear ordinary differential equation
According to the above-mentioned method, we assume that (12) has the solution in the form
where
with 0 :¼ d/dX. By balancing the highest degree linear term and nonlinear term, we get n = 1. Thus (13) reduces to
With the aid of Maple, by inserting (13 0 ) into (12) along with (14) and equating the coefficients of these terms
1; 2; 3; 4; 5Þ, we get the system of algebraic equations
It is complicated to solve the system by hand, but with the aid of Maple, we easily get three nontrivial solutions Case 1:
Case 2:
Case 3:
Therefore according to (7), (11), (13), (16)- (18), we get three types of Weierstrass elliptic function solutions of (1):
where M i (i = 1, 2, 3), g 3 are determined by (10) and (16), and
Solution 2:
where M i (i = 1, 2, 3), g 2 , g 3 are determined by (10) and (17), and
Solution 3:
where M i (i = 1, 2, 3), A, B, g 2 , g 3 are determined by (10) and (18), and
In order to better understand the solution (19) in a more familiar manner, we rewrite (19) as the forms in terms of Jacobi elliptic function
3 À g 2 z À g 3 = 0. Because when m ! 1, i.e., e 2 ! e 1 , cn(RX; m) ! sech(RX), thus the solitary wave profile can be written as the form
When X ! 1, we know that jW 12 j approaches a constant, that is, ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi À 
Because when m ! 1, i.e., we know that e 2 ! e 1 , ns(RX; m) ! coth(RX), thus the singular solitary wave profile can be written as the form
When X ! 0, we know that jW 14 j ! 1. This shows that for some time s = s 0 , there exist the curve f 0 (n, g) = 0, on which the solution jW 14 j will below up. Similarly, the solutions W 14 and v 14 also have the properties. Similarly, we can also rewrite the solutions (20) and (21) as another forms in terms of Jacobi elliptic function or the hyperbolic function.
The (2 + 1)-dimensional modified KdV equation
We consider the (2 + 1)-dimensional modified KdV equation [14] According to our method, we seek the solution in the form
where n = k(x + lz + kt), and k, l, k are parameters, }(n; g 2 , g 3 ) = }(n) satisfies
Substituting (28) into (27) along with (29) and collecting the coefficients of
. . . ; 5Þ we get a system of algebraic equations about the unknowns a 0 , a 1 , b 1 , A, B , k, l, k. By solving the system we can determine these unknowns and their relationships. Therefore we can gain the following doubly periodic solutions in terms of the Weierstrass elliptic function:
where g 2 is free and
Solution 2:
Solution 3:
A generalized Hirota equation in 2 + 1 dimensions
Consider the generalized Hirota equation in 2 + 1 dimensions [15] 
where W = W(n, g, s) is complex while U = U(n, g, s) is real. By using the above method, we can arrive at three Weierstrass elliptic function solutions:
where k, l, k, a, b, c are constants, and g 3 satisfies
where b 1 , k, l, k, a, b, c are constants, and g 2 , g 3 satisfy
where a 1 , b 1 , k, l, k, a, b, c are constants, and g 2 , g 3 satisfy
The generalized KdV equation
Consider the generalized KdV equation [18] 
We make the transform u(x, t) = w 2/p (n), n = k(x + kt). Thus (36) reduces to
By using the above method we can get the solutions of (37). Therefore we gain two types of Weierstrass elliptic function solutions of (36):
where g 2 , g 3 satisfy
}ðn; g 2 ; g 3 Þ þ 
The (2 + 1)-dimensional modified Novikov-Veselov equations
Consider the (2 + 1)-dimensional modified Novikov-Veselov equations system [19, 22, 23] 
which passes the three soliton test [22] and the bilinear Painleve test [23] . Recently Chou [17, 19] used the Hirota bilinear method to obtain the doubly periodic solutions in terms of theta functions. Here we use the above method to consider their periodic solutions in terms of Weierstrass elliptic function.
Solution 1:
where C 1 , C 2 , k, l, k are constants, n = k(x + ly + kt) and g 3 satisfies
where C 1 , C 2 , b 1 , B, k, l, k are constants, n = k(x + ly + kt) and g 2 , g 3 satisfy
where C 1 , C 2 , a 1 , b 1 , k, l, k are constants, n = k(x + ly + kt) and g 2 , g 3 satisfy
(2 + 1)-dimensional generalized system of modified KdV equation
Consider the (2 + 1)-dimensional generalized system of modified KdV equation [19, 20] 
Chou [19] used the Hirota bilinear mechanism to obtain the plane soliton solution, the dromion solution and solitoff solution of (45). Here by using the above method we arrive at the Weierstrass elliptic function solutions of (45).
Solution 1:
þ c 2 ;
where n = k(x + ly + kt), and c 1 , c 2 , k, l, k, g 2 are constants, g 3 satisfies
where n = k(x + ly + kt), and c 1 , c 2 , b 1 , B, k, l, k are constants, g 2 , g 3 satisfy
9. The coupled Klein-Gordon equation
Consider the coupled Klein-Gordon equation [24] W xx À W tt À W þ 2W 3 þ 2QW ¼ 0;
By using the above method we know that (49) possesses the doubly periodic solutions: Solution 1: 
